Abstract. In this paper we investigate the existence of positive solutions of the q-difference equation −D 2 q u(t) = a(t) f (u(t)) with some boundary conditions by applying a fixed point theorem in cones.
Preliminaries
In many of the mathematical models in science such as models of chemical problems, population or concentration in biology, and many problems in physics and economics, we need to investigate the existence of nonnegative solutions. What we understand by nonnegativity can be described by cones, that is, a closed convex set K of a Banach space X such that λK ⊂ K for all λ ≥ 0 and K (−K) = {0}. Recently there have been many results for positive solutions of different types of boundary value problems. The main task of these results is based on the work of Krasnoselskii [6] . He worked on nonlinear operator equations by using the theory of cones in Banach spaces.
In [2] , the authors studied the existence of positive solutions of the second order boundary value problem,
with some conditions imposed on f (·), a(·), and the constants of (2) . It is shown that there is a positive solutions in both the superlinear and sublinear cases; see the section below. The authors used a Fixed Point Theorem of Krasnoselskii; see [7] . More precisely, they use a modified version of Krasnoselskii due to Guo [4, p. 94 Here we investigate the analogy of (1)- (2) in the q-difference operators case. The constructions and the proofs are closely similar to the case of [2] .
In the following section we state main concepts in q-calculus and a second order q-difference equation with boundary conditions.
Introduction
Let 0 < q < 1. We say that A is q-geometric if for every x ∈ A, qx ∈ A. Let f be a real or complex valued function defined on a q-geometric set A. The q-difference operator is defined by (cf. [5] )
If 0 ∈ A, the q-derivative at zero is defined by [1] ,
if the limit exists and does not depend on
provided that the series converges. In general,
The Leibniz rule and the Fundamental Theorem of q-calculus are
Some q-functions can be introduced as follows. For a ∈ C, the symbol
, and the q-Pochammer symbol is
The q-analogs of sine and cosine functions are defined by
The reader may find more q-functions in [3, 8] . These q-functions satisfy q-difference equations (for example, see [8] ),
= 0. The aim of this paper is to establish the existence of positive solutions for the nonlinear second order q-difference equation . We also assume that f (·) is either superlinear or sublinear. These definitions can be defined as follows. Let
Then the superlinear case means f 0 = 0, f ∞ = ∞, and the other one means
Green's Function and existence theorem
In this section we construct the solution of (8)-(9) in a form of q-integral transform involving Green's Function. This Green's Function takes the same form of the classical case if q = 1. Then we give some estimations and inequalities for this Green's Function which will be the main tools in getting the positive solution of (8)-(9). 
Lemma 1. Any solution of (8)-(9) is

G(t, qs) a(s) f (u(s)) d q s, where G(t, s) is the Green's function of −D
2 q u(t) = 0 with (9), which is
Proof. Using the variation of parameters method, the solution of (8) has the form
where c 1 , c 2 are arbitrary constants. For u satisfying (9), using (6)- (7) we get
Substituting in (12) we obtain the form (10).
Clearly G(t, qs) ≥ 0. For our purpose we also need the following estimation of G(t, qs).
Lemma 2. Let
.
Thus (13) follows. Also (14) follows from
Define the cone K in X by
Lemma 3. A is a positive operator, that is,
Proof. Clearly A(u) ≥ 0 for u ∈ K. Using Lemma 2, we get
Au(t) = min 
Define the set
Thus from (20), we get 
Therefore for u ∈ K and u = δ 2 , we have
Hence, by the fixed point theorem, there exists a fixed point u of A where
For the sublinear case (f 0 = ∞, f ∞ = 0) we can choose δ 1 > 0 such that f (u) ≥ µ u, for 0 < u ≤ δ 1 , where Hence, for u ∈ K and u = δ 2 , we get
Therefore, A has a fixed point.
